Complex variable formulation for non-slipping plane strain contact of two elastic solids in the presence of interface mismatch eigenstrain  by Ma, Lifeng & Korsunsky, Alexander M.
International Journal of Solids and Structures 49 (2012) 1177–1188Contents lists available at SciVerse ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rComplex variable formulation for non-slipping plane strain contact of two
elastic solids in the presence of interface mismatch eigenstrain
Lifeng Ma a,⇑, Alexander M. Korsunsky b
a S&V Lab, Department of Engineering Mechanics, Xi’an Jiaotong University, Xi0an 710049, China
bDepartment of Engineering Science, University of Oxford, Oxford OX1 3PJ, England, UK
a r t i c l e i n f oArticle history:
Received 26 April 2011
Received in revised form 5 January 2012
Available online 10 February 2012
Keywords:
Contact mechanics
Non-slipping contact
Adhesion
JKR theory0020-7683/$ - see front matter  2012 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2012.02.002
⇑ Corresponding author.
E-mail addresses: malf@mail.xjtu.edu.cn (L. Ma),
ac.uk (A.M. Korsunsky).a b s t r a c t
In this paper, the problems of non-slipping contact, non-slipping adhesive contact, and non-slipping
adhesive contact with a stretched substrate are sequentially studied under the plane strain theory. The
main results are obtained as follows:
(i) The explicit solutions for a kind of singular integrals frequently encountered in contact mechanics
(and fracture mechanics) are derived, which enables a comprehensive analysis of non-slipping contacts.
(ii) The non-slipping contact problems are formulated in terms of the Kolosov–Muskhelishvili complex
potential formulae and their exact solutions are obtained in closed or explicit forms. The relative tangen-
tial displacement within a non-slipping contact is found in a compact form. (iii) The spatial derivative of
this relative displacement will be referred to in this study as the interface mismatch eigenstrain. Taking
into account the interface mismatch eigenstrain, a new non-slipping adhesive contact model is proposed
and its solution is obtained. It is shown that the pull-off force and the half-width of the non-slipping
adhesive contact are smaller than the corresponding solutions of the JKR model (Johnson et al., 1971).
The maximum difference can reach 9% for pull-off force and 17% for pull-off width, respectively. In con-
trast, the new model may be more accurate in modeling the non-slipping adhesion. (iv) The non-slipping
adhesions with a stretch strain (S-strain) imposed to one of contact counterparts are re-examined and the
analytical solutions are obtained. The accurate analysis shows that under small values of the S-strain both
the natural adhesive contact half-width and the pull-off force may be augmented, but for the larger
S-strain values they are always reduced. It is also found that Dundurs’ parameter b may exert a consid-
erable effect on the solution of the pull-off problem under the S-strain.
These solutions may be used to study contacts at macro-, micro-, and nano-scales.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
When two bodies are brought into contact, pair-wise corre-
spondence is established between points on the two surfaces that
meet at the contact interface. Provided the level of friction is high
enough, the two points will always maintain contact during subse-
quent incremental loading. The path of a surface particle entrained
in a non-slipping contact is schematically illustrated in Fig. 1,
where a contact between an elastic substrate and a rigid indenter
is considered. Note that, apart from the readily apparent normal
displacement induced by the indentation, a relative tangential dis-
placement will also be spontaneously introduced and ‘‘frozen-in’’
along the contact interface, due to material property mismatch.
In this paper, the derivative of this displacement with respect to
the lateral distance from the axis is referred to as the interfacell rights reserved.
alexander.korsunsky@eng.ox.mismatch eigenstrain. This is because: (i) we try to distinguish it
from the stretch strain in horizontal direction. (ii) The earliest
word ‘‘eigenvalue’’ emerged in contact mechanics is from Spence
(1973), where ﬁnite friction is considered. (iii) The frozen-in strain
is a strain due to material dissimilarity, which is analogical to some
kind of residual strain named as eigenstrain from Mura (1987). So
the terminology interface mismatch eigenstrain is believed to reﬂect
the strain’s physical origin and characteristic. Moreover, we call
the contact with no-slippage along interface due to high friction
as non-slipping contact in this paper. Additionally, another termi-
nology should be mentioned, namely, adhesive contact. Originally
it is used to refer to contacts with no-slippage (Mossakovski,
1954, 1963; Spence, 1968). However, since the work of Johnson
et al. (1971) the terminology adhesive contact is generally accepted
to refer to the contact where vertical attractive surface force, such
as the van der Waals force, is taken into account and the tangential
action is ignored. This convention will be adopted when the termi-
nology adhesive contact is used in this paper.
Fig. 1. Path of surface particle of non-slipping contact during incremental normal load. Adopted from the reference paper by Spence (1968).
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kovski (1954, 1963). A frictional rigid-to-elastic contact model
with no slippage was studied. A step-by-step incremental ap-
proach was used, and the contact stresses were computed simulta-
neously with the time evolution of the contact radius. A signiﬁcant
contribution to this problem was made by Spence (1968). He
extended the range of rigid indenter proﬁles considered to include
polynomials. The key feature of his study is an elegant self-similar-
ity approach that yields similar stress ﬁelds at each step in the
indented elastic half-space during progressive loading. Non-slip-
ping contact problems then were formulated with an integral
equation which can be solved using the Wiener–Hopf technique.
This approach was later on used to study the symmetric partial-
slipping contact with the ﬁnite friction in the case of a two-dimen-
sional problem (Spence, 1973). Spence found that the slip radius is
the same for all power-law indenters and that the slip half-width is
a function of the friction coefﬁcient. If the friction is large enough,
the analytical solution for fully non-slipping contacts can be ob-
tained. Recently, using the Wiener–Hopf technique, this two-
dimensional problem was revisited by Zhupanska and Ulitko
(2005) and the exact analytical solution was obtained in the form
of an inﬁnite series. Here, it should be mentioned that the presence
of tangential traction along the contact interface follows for con-
tacts between dissimilar materials, which may lead to considerable
partial slip. Studies of this phenomenon have also been reported
(e.g. Nowell et al., 1988; Spence, 1973; Zhupanska and Ulitko,
2005; others) for the case of traditional non-slipping contacts with
no adhesion.
Recent interest in nano-adhesion and bio-adhesion re-opens the
analysis of non-slipping adhesive contacts.When contacts are stud-
ied using the molecular (or atomic) dynamics approach at nano- or
atomic-scale (see, e.g., Luan and Robbins, 2005, 2006), with one-to-
one bonding between speciﬁc atoms and nano-roughness effects
being considered, then shear deformation along the contact inter-
face cannot be ignored. Similarly, in cell adhesion, the speciﬁc
ligand-receptor binding as well as the speciﬁc sequence matching
between biomolecules must be considered (e.g. Yang and Saif,
2005, and references therein). These new problems highlight the
need for a more accurate study of the adhesive contact. To under-
stand the non-slipping contact effects in bio-adhesion, Chen and
Gao (2006, 2007) analyzed the problems of an elastic cylinder in
adhesive contact with a stretched substrate. More speciﬁcally, an
elastic cylinder is considered that adheres to a semi-inﬁnite elastic
substrate (or a dissimilar cylinder) without slippage, and then a
uniaxial strain, denoted by g0( > 0) in this paper, is imposed to
stretch the substrate as shown in Fig. 1. The width of the contactregion is determined from the Grifﬁth energy balance near the
contact edge. It is claimed that the substrate stretch strain may sig-
niﬁcantly reduce the contact size and the pull-off force. In order to
distinguish the stretch strain from the interface mismatch eigenstrain
mentioned before, we refer to it as S-strain in this study.
The above studies made considerable progress in understanding
non-slipping and non-slipping adhesive contacts. However, some
unresolved issues remain to be addressed:
(i) To the authors’ knowledge, the interface mismatch eigenstrain
has not been focused upon as the principal object of analysis
in any non-slipping adhesive contact model. To what extent
it inﬂuences the pull-off force remains a question. Indeed,
this consideration gives rise to a basic question concerning
the application of the JKR model in non-slipping adhesive
contact. It appears that an improved non-slipping adhesive
contact model needs to be built.
(ii) As to the interface mismatch eigenstrain, the exact solution
for a non-slipping rigid-to-elastic contact without adhesion
has been achieved by the use of the relatively complex Wie-
ner-Hopf technique (Spence, 1973; Zhupanska and Ulitko,
2005). The solution is expressed in terms of a series. The
exact solution for a general non-slipping elastic-to-elastic
contact with no adhesion remains unsolved. An explicit
expression for the interface mismatch eigenstrain will be use-
ful for the study of non-slipping adhesive contacts.
(iii) Chen and Gao (2006, 2007) have conducted a study of the
response of a non-slipping adhesive contact to the S-strain.
However, the solutions for traction distribution along the
contact interface are constructed by numerical calculation.
As pointed out in that paper, a rigorous proof of the solution
remains lacking (see, Chen and Gao, 2006, p. 218).
(iv) In addition, in the papers by Chen and Gao (2006, 2007), a
set of singular integrals are used (see Eqs. (A.1) and (A.2)
in Appendix) originally derived from the branch-cut func-
tion that arises in the solution of classical Hilbert equations.
Non-explicit nature of these singular integral expressions
precludes further detailed analysis. The singular integral for-
mulae in question can be found in the literature ever since
interface problems were ﬁrst considered in contact and frac-
ture mechanics. The prevailing approach (that is clearly an
approximation) is to develop numerical solutions for dissim-
ilar material contacts by employing the solutions for the sim-
ilar material cases. This simpliﬁcation mis-represents the
real coupling effect in dissimilar material contacts. Recently,
Yao et al. (2009) and Yan and Chen (2009) have analytically
Fig. 2. Schematic diagram of a two-dimensional non-slipping contact.
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ﬁnd a general approach to evaluate such kind of singular
integrals is still needed. Only once the explicit form of these
integrals is obtained, a thorough analysis for contacts would
become possible.
The aim of the present study is to construct comprehensive ana-
lytical solutions for the problems of non-slipping contact, non-slip-
ping adhesive contact, and non-slipping adhesive contact with the
applied S-strain, under the condition of plane strain. The contacts
are assumed to be symmetric. The Kolosov–Muskhelishvili
complex variable approach will be employed due to its obvious
advantages in two-dimensional problems. The interface mismatch
eigenstrain, interfacial traction, and the stresses in both contacting
bodies are expected to be found in compact, closed-form, or via ex-
plicit formulae. The hope is that on the basis of these results it will
become possible to evaluate some of the well-known challenging
singular integrals. With them, the solution for the new non-slip-
ping adhesive model can be achieved, and ﬁnally the non-slipping
adhesive contact with the S-strain will be thoroughly analyzed. We
hope that these solutions may also be found useful for all kinds of
contact models where non-slipping conditions are observed.
The remainder of this paper is constructed in the following
steps. First, some useful singular integrals encountered in contact
mechanics are studied. This provides the basis for further detailed
analysis of non-slipping contacts. Some of the laborious and com-
plex derivations are placed in the appendix to aid readability of the
paper. In Section 2, a dissimilar elastic–elastic contact model is for-
mulated in terms of the Kolosov–Muskhelishvili complex formulae
in the general sense. Using this general solution derived in this
way, the non-slipping contact is studied in Section 3, and contact
solutions are obtained. Particularly, the solution for interface mis-
match eigenstrain is obtained as a simple formula. In Section 4, a
new non-slipping adhesive contact model is proposed and its solu-
tion is derived. In Section 5, the non-slipping adhesive contact with
the applied S-strain, proposed by Chen and Gao (2006, 2007) is re-
examined, and theoretical results of improved accuracy are ob-
tained. Finally, a concise summary is given in Section 6.2. Complex potential formula for dissimilar contact
2.1. The Kolosov–Muskhelishvili complex potential formulae
In the Kolosov–Muskhelishvili complex formulation of plane
elasticity, all components of stress and displacement can be ex-
pressed in terms of two Kolosov–Muskhelishvili complex potentials
/(z) andw(z). Herewe express them, alternatively,withU(z) = /0(z),
X(z) = [z/0(z) + w(z)]0 as follows (Suo, 1989; Muskhelishvili, 1953),
r11 þ r22 ¼ 2½UðzÞ þUðzÞ
r22 þ ir12 ¼ ½UðzÞ þXðzÞ  ðz zÞU0ðzÞ
2lðu1;1 þ iu2;1Þ ¼ jUðzÞ XðzÞ  ðz zÞU0ðzÞ
ð2:1Þ
where i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
, z = x1 + ix2( = x + iy), /0(z) = d/(z)/dz, l is shear
modulus, the Kolosov constant j = 3  4m for plane strain, m is
Poisson’s ratio, the comma followed by a subscript i indicates
differentiation with respect to xi, and the bar over a function de-
notes its complex conjugate. The Kolosov–Muskhelishvili complex
potential formulae for contact problems have been extensively
studied in literatures (see, Muskhelishvili, 1953; Galin, 1953;
England, 1971; Gladwell, 1980; Hills et al., 1993, and others). These
studies are mainly concerned with the complex variable formula-
tion for half-plane problems. In this section, we attempt to develop
a complex variable formulation for dissimilar elastic-to-elastic
contact problems.Consider a contact between two dissimilar solids as shown in
Fig. 2. The schematic can be used to formulate both non-slipping
contacts with and without adhesion under the plane strain condi-
tions. Small size of the contact area compared to the dimensions of
the contacting bodies and their relative radii of curvature is as-
sumed here. Below we seek the complex potentials for the non-
slipping contact of two elastic bodies in terms of the two potential
functions U(z) and X(z).
Denote the potentials in Solid #1 and Solid #2 respectively in
Fig. 2 by
UðzÞ ¼ U1ðzÞ; z 2 #1
U2ðzÞ; z 2 #2

; XðzÞ ¼ X1ðzÞ; z 2 #1
X2ðzÞ; z 2 #2

ð2:2Þ
Then the contact problem shown in Fig. 1 (or Fig. 2) can be stud-
ied as a potential boundary value problem.
2.2. Contact boundary conditions
The boundary conditions to specify contact solution are listed
below:
(i) Contact traction condition. The continuity of traction along x-
axis is
ðr22  ir12Þ ¼
ðr22  ir12Þ#1 ¼ ðr22  ir12Þ#2; jxj 6 a
0; jxj > a

ð2:3aÞ
where a is the contact half-width, the subscripts ‘#1’ and ‘#2’ refer
to the tractions respectively on the upper and lower surfaces.
(ii) Contact displacement condition. The displacement bound-
ary condition can be formulated as follows. When two bodies are
pressed together, deformation must occur so that the deformed
bodies conform within the contact. The derivative of the overlap
displacements (du1 and du2) with respect to the lateral coordinate
(x-axis) within the contact can be evaluated as
ðdu1;1 þ idu2;1Þ ¼ ðu1;1 þ iu2;1Þuppersurface  ðu1;1 þ iu2;1Þlowersurface
¼ gðxÞ þ if ðxÞ ð2:3bÞ
For general cases, the function g(x) in (2.3b) is difﬁcult to spec-
ify, but for non-slipping symmetric contacts, it is always an even
function, and the function f(x) is an odd function. The function
g(x) is named the interface mismatch eigenstrain in this paper,
which is to be determined from the boundary conditions. The func-
tion f(x) is directly determined by the proﬁles of the two contact
bodies. We will concentrate on the Hertzian proﬁle bodies (qua-
dratic proﬁle indenters) in this paper, and then the two functions
are given by the following formulae (Spence, 1968, 1973)
ðdu1;1 þ idu2;1Þ ¼ gðxÞ þ if ðxÞ ¼ Ajxj  i xR ¼ Ajxj þ iBx; jxj < a ð2:3cÞ
where parameter A is to be determined, B = 1/R, 1/R = 1/R1 + 1/R2,
and R1 and R2 are the local curvature radii of the two contacting
surfaces.
(iii) Remote loading condition. To solve the boundary value
problem, remote loading condition must be known, so that the
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the resultant force of interfacial traction given by
F1  iF2 ¼
Z a
a
ðr22  ir12Þdx ð2:3dÞ
(iv) Traction behavior at contact edges. For the non-slipping
contact without adhesion, we suppose that the traction at the
edges will vanish, while for the non-slipping contact with adhe-
sion, we suppose that the traction at the edges will be singular.
These conditions will be used to choose the branch functions to
determine the contact traction behavior in Sections 3 and 4.
2.3. General solution formulae
Contact interface traction continuity condition (see, e.g. Eq.
(2.3a)) must be satisﬁed ﬁrst for any contact (here it is a single con-
tact). So a general solution for any dissimilar elastic-to-elastic con-
tact problem can be formulated with contact interface traction
continuity condition (2.3a). We will derive the general solution
in the following.
From the second equation of (2.1), we may get
ðr22  ir12Þþ ¼ U1ðxþÞ þX1ðxÞ
ðr22  ir12Þ ¼ U2ðxÞ þX2ðxþÞ
ð2:4Þ
where superscripts ‘+’ and ‘’ stand for the limits y? 0+ and y? 0,
respectively. The continuity of traction condition (2.3a) along the x-
axis requires
U1ðxþÞ X2ðxþÞ ¼ U2ðxÞ X1ðxÞ ð2:5Þ
Using analytic continuation and Liouville’s theorem one obtains
X2ðzÞ ¼ U1ðzÞ; z 2 #1
X1ðzÞ ¼ U2ðzÞ; z 2 #2
(
ð2:6Þ
It follows that
X1ðzÞ ¼ U2ðzÞ; z 2 #1
X2ðzÞ ¼ U1ðzÞ; z 2 #2
(
ð2:7Þ
Again, from the traction-free condition in (2.3a), using (2.4),
(2.6), and (2.7), one ﬁnds
ðr22  ir12Þ ¼ U1ðxþÞ þU2ðxÞ ¼ 0 jxj > a ð2:8Þ
Based on this relationship, it is convenient to introduce a new
function as
HðzÞ ¼ U1ðzÞ; z 2 #1U2ðzÞ; z 2 #2

ð2:9Þ
Thereby the holomorphic function H(z) satisﬁes all the traction
boundary conditions along the contact surface in (2.3a). Finally,
rewriting (2.2) in terms of H(z) by use of (2.7) and (2.9) leads to
UðzÞ ¼ HðzÞ; z 2 #1HðzÞ; z 2 #2

; XðzÞ ¼ HðzÞ; z 2 #1
HðzÞ; z 2 #2
(
ð2:10Þ
Then by use of the other conditions such as the displacement
condition (2.3b), the traction behavior at the contact edges, and
the remote loading condition, we may specify the function H(z)
further. Once the complex function H(z) is obtained, the deforma-
tion states of the two contacting bodies are ready to be solved
through (2.1).
3. Non-slipping contact without adhesion
In this section, the non-slipping contact without adhesion is
studied. The rigid-to-elastic non-slipping contact problems havebeen studied by Spence (1968, 1973) and Zhupanska and Ulitko
(2005) using the Wiener–Hopf technique. We will extend this case
to the general elastic-to-elastic non-slipping contact case by use of
Kolosov–Muskhelishvili complex potential approach presented in
Section 2.
3.1. Complex potential for the contact
The derivative of the overlap displacements with respect to the
x-axis (2.3b) can be evaluated from the third equation of (2.1) and
further be expressed in terms of the solution (2.10) as
ðdu1;1 þ idu2;1Þ ¼ gðxÞ þ if ðxÞ
¼ 2
E
ð1 bÞHðxþÞ þ 2
E
ð1þ bÞHðxÞ ð3:1Þ
where E⁄ and the Dundurs’ parameter b are used, given by
1
E
¼ ð1 m
2
1Þ
E1
þ ð1 m
2
2Þ
E2
; b ¼ l1ðj2  1Þ  l2ðj1  1Þ
l1ðj2 þ 1Þ þ l2ðj1 þ 1Þ
ð3:2Þ
Ei (i = 1, 2) is Young’s Modulus, Subscripts 1 and 2 refer to the two
materials. Eq. (3.1) can be rewritten as follows:
HðxþÞ þ ð1þ bÞð1 bÞHðx
Þ ¼ E
½gðxÞ þ if ðxÞ
2ð1 bÞ ð3:3Þ
For convenience, in the following manipulation the expression
of the two functions in (2.3c) will be used only at the ﬁnal
evaluation.
Since the traction at the two contact edges vanishes for non-
slipping contact with no adhesion, it is reasonable to choose a
branch function (Hills et al., 1993)
XðzÞ ¼ ðzþ aÞdðz aÞ1d ð3:4Þ
where
d ¼ 1
2
 ie; e ¼ 1
2p
ln
ð1 bÞ
ð1þ bÞ ð3:5Þ
So that (3.3) can be rewritten as
HðxþÞ
XðxþÞ 
HðxÞ
XðxÞ ¼
1
XðxþÞ
E½gðxÞ þ if ðxÞ
2ð1 bÞ ð3:6Þ
in which the properties
XðxþÞ ¼ iepeðxþ aÞdða xÞ1d
XðxÞ ¼ iepeðxþ aÞdða xÞ1d
ð3:7Þ
are used. Eq. (3.6) is a standard Hilbert equation and its solution is
HðzÞ ¼ E

2ð1 bÞ
XðzÞ
2pi
Z a
a
½gðtÞ þ if ðtÞ
XðtþÞ
1
t  z dt ð3:8Þ
The interface mismatch eigenstrain g(x) (or the parameter A in
(2.3b) and (2.3c)), and the contact half-width a are to be deter-
mined in the following Sections 3.2 and 3.3.
3.2. Interface mismatch eigenstrain
Actually the interface mismatch eigenstrain g(x) can be easily
speciﬁed by the following consistency condition (Hills et al.,
1993; Muskhelishvili, 1953)Z a
a
gðtÞ þ if ðtÞ
XðtþÞ dt ¼ 0 ð3:9Þ
The parameter A is found by substituting (2.3c) and (3.7) into
(3.9), as
Fig. 3. The normalized contact half-width of non-slipping contact with no adhesion
as a function of the Dundurs’ parameter b under ﬁxed load.
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R 1
1 TðT þ 1Þdð1 TÞð1dÞdTR 1
1 jTjðT þ 1Þdð1 TÞð1dÞdT
" #
¼ BG0ðbÞ ¼ G0ðbÞR ð3:10Þ
This implies that the interface mismatch eigenstrain g(x) is
found as well. It can be readily proven that the coupling function
G0(b) is a real quantity only related to the Dundurs’ parameter b.
Both explicit and approximate expressions for the coupling function
G0(b) will be presented below.
One may write the coupling function G0(b) in (3.10) by the use of
(A20) and (A22) as
G0ðbÞ ¼ ipð1 2dÞcosh ep
2dð1 dÞ
f1þ dð1 dÞð2d 1Þ½QðdÞ  Qð1 dÞg
 
ð3:11Þ
where
QðdÞ ¼
Z 1
0
dw
wdð1wÞ1ð1þwÞ
ð3:12Þ
By expanding (3.12) and substituting into (3.11), the explicit
expression for the coupling function G0(b) is given by
G0ðbÞ ¼ ipð1 2dÞsin dp
2dð1 dÞ
1þ ð2d 1Þ2 1þP1n¼0 2dð1dÞð1Þnð1dþnÞðdþnÞ  ð3:13Þ
Considering d ¼ 12 ie in (3.5), and jej 6 ln 3=2p  0:17485 since
jbj 6 1=2, one may get a simple approximate expression for coupling
function G0(b)as
G0ðbÞ ¼  pecoshpeþ Oðe
2Þ   pe
coshpe
ð3:14Þ
It is worth noting from (3.10) and (3.13) that once the contact
geometry is speciﬁed, the interface mismatch eigenstrain or the cou-
pling function G0(b) are only functions of the Dundurs’ parameter b
and independent of any other parameters, such as the loading force
and history. In other words, the interface mismatch eigenstrain is
completely controlled by the mismatch of material properties. It
is also worth noting from (3.5), (3.10), and (3.13) that for the case
b = 0, the interface mismatch eigenstrain equals 0. This is the decou-
pled case.
3.3. Normal load and contact width
To derive the traction distribution along the contact interface,
from (3.8) one has
HðxþÞ ¼ E

2
XðxþÞ
ð1 bÞ
1
2pi
Z a
a
gðtÞ þ if ðtÞ
XðtþÞ
1
t  x dt þ
1
2
gðxÞ þ if ðxÞ
XðxþÞ
 
HðxÞ ¼ E

2
XðxÞ
ð1 bÞ
1
2pi
Z a
a
gðtÞ þ if ðtÞ
XðtþÞ
1
t  x dt 
1
2
gðxÞ þ if ðxÞ
XðxþÞ
 
ð3:15Þ
and then from (2.1) and (2.10) the contact traction is given by
r22  ir12 ¼ HðxþÞ  HðxÞ
¼ E

2
b½gðxÞ þ if ðxÞ
ð1 b2Þ  i
E
2
ðxþ aÞdða xÞ1d
ð1 b2Þp
Z a
a
 ½gðtÞ þ if ðtÞ
ða tÞð1dÞðt þ aÞd
1
ðt  xÞdt ð3:16Þ
Substituting (3.16) into (2.3d), exchanging the order of inte-
grals, and with the aid of (A3), (3.5), (3.9) and (b + tanhpe) = 0,
after a straightforward manipulation, one can relate the external
load with the overlap displacements asF1  iF2 ¼
Z a
a
ðr22  ir12Þdx
¼  E

2
i
ð1 b2Þ coshpe
Z a
a
½gðtÞ þ if ðtÞt
ðt þ aÞdða tÞ1d
dt ð3:17Þ
Inserting (2.3c) in (3.17), it can be found that F2 = 0. This is
consistent with the symmetric contact feature. So Eq. (3.17)
becomesF1 ¼  E

2
G1ðbÞ
Rð1 b2Þ coshpe a
2 ð3:18Þ
where the real parameter G1(b) isG1ðbÞ ¼
Z 1
1
ðT þ iG0ðbÞjTjÞT
ðT þ 1Þdð1 TÞð1dÞ
dT ð3:19Þ
Clearly, it can be seen from (3.18) that the force-contact half-
width relationship is similar to 2-D Hertzian contact solution (Hills
et al., 1993). Now, all the stresses and other unknown quantities
can be found from the above explicit solutions.
To assess the inﬂuence of the elastic property mismatch on the
contact half-width under a given load, consider b = 0 in (3.18) to
re-establish the Hertzian contact force-half-width relationshipF1 ¼  E
pa2H
4R
ð3:20Þ
Combination (3.20) and (3.18) leads toa
aH
¼ p
2
ð1 b2Þ coshpe
G1ðbÞ
 !1
2
ð3:21Þ
Skipping the details of the procedure for numerical calculation,
we plot the normalized contact half-width against the Dundurs’
parameter b from (3.21) in Fig. 3. It can be seen that under a given
load, the half-width of a non-slipping contact is smaller than the
half-width of the frictionless Hertzian contact. Fig. 3 provides a
ready illustration of the essential difference between a non-slip-
ping contact and a Hertzian contact.
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interface
In the following, the contact traction behavior in (3.16) will be
analyzed. We write the integral term at the right hand of (3.16) as
1
p
Z a
a
½gðtÞ þ if ðtÞ
ða tÞð1dÞðt þ aÞdðt  xÞ
dt
¼ 1
p
Z 1
1
g1ðTÞ þ if1ðTÞ
ð1 TÞ1dðT þ 1Þd
1
T  X dT ð3:22Þ
where g1(X) + if1(X) = [g(aX) + if(aX)]/a and x = aX are used.The
expansion of g1(X) + if1(X) into Jacobi series is
g1ðXÞ þ if1ðXÞ ¼
X1
n¼1
ðgn þ ifnÞPðð1dÞ;dÞn ðXÞ ð3:23Þ
The coefﬁcients gn + ifn are determined by (A9) as
gn þ ifn ¼
2nCðnÞCðnþ 1Þ
Cðnþ dÞCðn dþ 1Þ
Z 1
1
 ½g1ðTÞ þ if1ðTÞ
ð1 TÞð1dÞð1þ TÞd
Pðð1dÞ;dÞn ðTÞdT ð3:24Þ
Inserting (3.23) into (3.22), one ﬁnds
1
p
Z 1
1
½g1ðTÞ þ if1ðTÞ
ð1 TÞð1dÞð1þ TÞd
1
T  X dT ¼ i
tanhpe½g1ðXÞ þ if1ðXÞ
ð1 XÞð1dÞð1þ XÞd
þ 2
1
coshpe
X1
n¼1
ðgn þ ifnÞPðð1dÞ;dÞn1 ðXÞ ð3:25Þ
and inserting (3.25) into (3.16), with the aid of (b + tanh pe) = 0,
ﬁnally one obtains
r22  ir12 ¼ i E

4
ðxþ aÞdða xÞ1d
coshpeð1 b2Þ
X1
n¼1
ðgn þ ifnÞPðð1dÞ;dÞn1
x
a
 
ð3:26Þ
Clearly, traction near the edges vanishes with an oscillatory
behavior. This behavior was ﬁrst found by Abramov (Zhupanska
and Ulitko, 2005).
The present work has extended the rigid-to-elastic models in
the literature to the dissimilar elastic-to-elastic model that has
much wider applicability. The Kolosov-Muskhelishvili complex
variable approach provides elegant solutions for the plane non-
slipping contact problem. The relevant interface mismatch eigen-
strain and interfacial traction have been obtained, and the stresses
in both contacting bodies are to be readily obtained from (2.10)
and (2.1). The interface mismatch eigenstrain will be adopted for
modeling non-slipping adhesive contact in the next section.4. Non-slipping adhesive contact
Inspired by the work of Chen and Gao (2006, 2007) and work of
Zhupanska and Ulitko (2005), a new model for non-slipping adhe-
sive contacts will be proposed in this section. Following the Hertz-
ian contact assumptions, the well-known JKR model has been
proposed to deal with the adhesion problems (Johnson et al.,
1971), in which the frictionless contact assumption is inherited.
Analogous to the transition of Hertzian contact to JKR adhesive
contact, the interface mismatch eigenstrain in non-slipping contact
without adhesion will be inherited. Thus, solution (3.10) will be
employed (or assumed) for modeling the non-slipping contact with
adhesion. It should be explained here that if there is no this
assumption, the boundary conditions presented in Section 2.2 are
not sufﬁcient to solve this contact problem. Moreover, similar to
the JKR contact model, the contact traction near the contact edges
is allowed to be singular and the contact width will be determinedby the combination of the Grifﬁth energy balance near the contact
edge and external load.
4.1. General solution
As already derived in Section 3.1, the equation concerned with
the undetermined function H(z) as (3.3) is obtained
HðxþÞ þ ð1þ bÞð1 bÞHðx
Þ ¼ E

2
½gðxÞ þ if ðxÞ
ð1 bÞ ð4:1Þ
Since the traction at the two contact edges is singular for non-
slipping adhesive contact, this time we employ the branch function
(Hills et al., 1993)
XðzÞ ¼ ðzþ aÞdðz aÞð1dÞ ð4:2Þ
where
d ¼ 1
2
þ ie; e ¼ 1
2p
ln
ð1 bÞ
ð1þ bÞ ð4:3Þ
so as to ﬁnd H(z). It should be pointed out that the expression for d
in (4.3) is different from the one in (3.5). Of course, this branch
function will result in a singular traction at the two contact edges.
By the use of
XðtþÞ ¼ ðt þ aÞdða tÞd1ðiÞeep;
XðtÞ ¼ ðt þ aÞdða tÞd1ieep;
jtj < a ð4:4Þ
Eq. (4.1) can be written as
HðxþÞ
XðxþÞ 
HðxÞ
XðxÞ ¼
1
XðxþÞ
E
2
½gðxÞ þ if ðxÞ
ð1 bÞ : ð4:5Þ
The solution to (4.5) is
HðzÞ ¼ XðzÞ E

2ð1 bÞ
1
2pi
Z a
a
gðtÞ þ if ðtÞ
XðtþÞ
1
t  z dt þ P
 
ð4:6Þ
The complex constant number P( = P1 + iP2) and the contact
half-width a are to be determined through the external load condi-
tion and the Grifﬁth energy balance near the contact edge below.
From (4.6), one has
HðxÞ ¼ XðxÞ E

2ð1 bÞ
1
2pi
Z a
a
gðtÞ þ if ðtÞ
XðtþÞ
1
t  x dt 
1
2
gðxÞ þ if ðxÞ
XðxþÞ
 	
þ P
 
HðxþÞ ¼ XðxþÞ E

2ð1 bÞ
1
2pi
Z a
a
gðtÞ þ if ðtÞ
XðtþÞ
1
t  x dt þ
1
2
gðxÞ þ if ðxÞ
XðxþÞ
 	
þ P
 
ð4:7Þ
Similarly, the contact traction along the interface from (2.1),
(2.10), and (4.7) is
r22  ir12 ¼ HðxþÞ  HðxÞ ¼ E
b½gðxÞ þ if ðxÞ
2ð1 b2Þ
 2ða xÞ
d1ðxþ aÞdeepðiP1  P2Þ
ð1 bÞ
 i E
ða xÞd1ðxþ aÞd
2ð1 b2Þ
 1
p
Z a
a
ða tÞ1dðt þ aÞd½gðtÞ þ if ðtÞ
t  x dt ð4:8Þ
This is a general solution for the interface traction of non-slip-
ping adhesive contact and it will be also used in Section 5.
4.2. Simpliﬁcation of (4.8) by the external load condition
The external load equals to the resultant force of interfacial
traction given by
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Z a
a
ðr22  ir12Þdx ¼
Z a
a
E
2
b½gðxÞ þ if ðxÞ
ð1 b2Þ dx
 2e
epðiP1  P2Þ
ð1 bÞ
Z a
a
ða xÞd1ðxþ aÞddx
 i E

2
Z a
a
ða xÞd1ðxþ aÞd
pð1 b2Þ
(

Z a
a
ða tÞ1dðt þ aÞd½gðtÞ þ if ðtÞ
t  x dt
)
dx ð4:9Þ
By exchanging the order of integration in the third term, and
considering (A8) and (b + tanh pe) = 0, (4.9) can be simpliﬁed to
F1  iF2 ¼
Z a
a
ðr22  ir12Þdx ¼ 2pe
ep
ð1 bÞ coshpe ðP2  iP1Þ ð4:10Þ
Since this contact is a symmetric contact, F2 = 0, so that P1 = 0 in
(4.10). Then (4.8) can be rewritten as
r22  ir12 ¼ E

2
b½gðxÞ þ if ðxÞ
ð1 b2Þ þ
F1 coshpe
p
ða xÞd1ðxþ aÞd
 i E

2
ða xÞd1ðxþ aÞd
ð1 b2Þ
 1
p
Z a
a
ða tÞ1dðt þ aÞd½gðtÞ þ if ðtÞ
t  x dt ð4:11Þ4.3. Stress intensity factor
In (4.11), the last undetermined parameter is the contact half-
width a. It can be determined by the Grifﬁth energy balance near
the contact edge, which requires the stress intensity factor at the
contact edge.
We deﬁne the stress intensity factor at the contact edge as
K ¼ lim
x!a
ﬃﬃﬃﬃﬃﬃ
2p
p
ðxþ aÞdðr22  ir12Þ ð4:12Þ
Substituting (4.11) and (3.5) into (4.12), considering d ¼ 12þ ie
and (A20), it follows
K ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
ð2aÞ12þie F1 coshpe
p
þ i E

2
½Av iB#a2
ð1 b2Þ
( )
ð4:13Þ
where
# ¼ 1
p
Z 1
1
ð1 TÞ1dðT þ 1ÞdT
T  1 dT ¼ 
2d2
sin dp
¼ ði 2eÞ
2
2 coshpe
v ¼ 1
p
Z 1
1
ð1 TÞ1dðT þ 1ÞdjTj
T  1 dT ¼ 
1
p
ð2þ i5:66386eÞ þ Oðe2Þ
ð4:14Þ
We can show that the stress intensity factor K deﬁned above is
related to the contact surface energy release rate G at the edges as
(Hutchinson et al., 1987)
G ¼ jKj
2
2Ecosh2pe
ð4:15Þ
The relation between Grifﬁth energy balance and elastic inter-
face energy is
G ¼ Dc; ð4:16Þ
whereDc is also interpreted as the work of adhesion which is only a
material parameter. Inserting (4.13) into (4.15) yields
G ¼ 1
2E
F21
apþ 12 EF1a coshpe½iAfv vg þ Bf#þ #g
þ 14 E2pa3cosh
2pe½A2vvþ B2##þ iBAfv# v#g
8<
:
9=
;
ð4:17ÞClearly, it can be observed from (4.17) that once contact surface
energy release rate G and external force F1 are given, the contact
half-width is speciﬁed. Up to now, we have solved the basic elastic
non-slipping adhesive contact. Next, the pull-off force of non-
slipping adhesive contact will be examined.
4.4. The pull-off width and the pull-off force
Now, if the external load is a pulling force tending to separate
the two adhesive contact bodies, the main concern is about the
critical pulling force. It follows from (4.17) that
F21 þ ða2D1ÞF1 þ ða4D2  D3aÞ ¼ 0 ð4:18Þ
where
D1 ¼ coshpe2 E
p½iAfv vg þ Bf#þ #g
D2 ¼ ðcoshpeÞ
2
4
E2p2½A2vvþ B2##þ iBAfv# v#g
D3 ¼ 2pGE
ð4:19Þ
The solution of F1 from (4.18) is
F1 ¼
ða2D1Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a4ðD21  4D2Þ þ 4D3a
q
2
ð4:20Þ
Then the pull-off force can be determined by
@F1
@a
¼ 0 ð4:21Þ
which leads to an equation for the pull-off half-width
4D2ðD21  4D2Þa6 þ 2ð4D2 þ D21ÞD3a3  D23 ¼ 0 ð4:22Þ
The pull-off force Fp can be obtained by inserting the pull-off half-
width ap solved from (4.22) into (4.20).
Since D21  4D2 ¼ 0þ Oðe4Þ, we solve (4.22) by perturbation
method as follows. By setting b = e = 0, the JKR pull-off contact
half-width and pull-off force for two-dimensional contact can be
obtained from (4.22) and (4.20) as
aJKR ¼ 2E
GR2
p
 !1
3
FJKR ¼ 32
EpG2R
2
 !1
3
ð4:23Þ
According to the routine of the perturbation method, we write
ap ¼ aJKR 1þ
X1
j¼1
Cjej
 !
ð4:24Þ
where Cj, (j = 1, . . . ,1) are to be determined via submission of (4.24)
into (4.22) and comparison of the power order of e. This is a
straightforward manipulation and ﬁnally we ﬁnd the pull-off half-
width and pull-off force of non-slipping adhesive contact as
ap ¼ aJKRð1 b2Þ
2
3 þ Oðe2Þ  aJKRð1 b2Þ
2
3
Fp ¼ FJKRð1 b2Þ
1
3 þ Oðe2Þ  FJKRð1 b2Þ
1
3
ð4:25Þ
The ratios Fp/FJKR and ap/aJKR against b(0:5 6 b 6 0:5) respec-
tively are plotted in Fig. 4. It can be seen that there is a considerable
difference between the non-slipping contact solution and JKR solu-
tion. The pull-off width and force of non-slipping adhesive contact
are smaller than the corresponding solutions of the JKR model. The
maximum difference reaches 9% for the pull-off force and 17% for
the pull-off width, respectively. It can be found that the pull-off
force can be predicted by the JKR solution approximately when
Fig. 4. The ratios Fp/FJKR and ap/aJKR against b.
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However, if high accuracy is required in adhesion modelling, the
solution (4.25) of the newmodel provides a better quality and sim-
ple solution.
5. Adhesive non-slipping contact with the S-strain
The model for non-slipping adhesive contact under the action of
the S-strain has been proposed by Chen and Gao (2006, 2007), in
which the interfacemismatch eigenstrainwasnot referred. Themodel
proposed in Section 4 is able to take the effect of both the interface
mismatch eigenstrain and S-strain at the same time. Also, the math-
ematical difﬁculties emerging in Chen and Gao’s papers (2006,
2007) can be easily conquered. Here, we will not attempt to carry
out the complicate analysis for the inﬂuence resulted fromcombina-
tion of the interfacemismatch eigenstrain and S-strain. For simplicity,
we only conﬁne our attention to the cases where the interface mis-
match eigenstrain can be ignored in comparison with the S-strain,
where the S-strain value can be either positive (stretched) or nega-
tive (compressive). With the formulae developed in the preceding
sections, a rigorous analytical solution is expected to be established,
so that the inﬂuence of the S-strain on pull-off force can be thor-
oughly revealed, and the different effects of the stretched and com-
pressive strain on the pull-off force can also be recognized.
5.1. Analytical solution
By taking
gðxÞ þ if ðxÞ ¼ g0  i
x
R
¼ g0 þ iBx; jxj < a ð5:1Þ
in (4.11), we can obtain the exact analytical solution for the model
by Chen and Gao (2006, 2007) as
r22  ir12 ¼ E
b½g0 þ iBx
2ð1 b2Þ þ
F1 coshpe
p
ða xÞd1ðxþ aÞd
 i E
ða xÞd1ðxþ aÞd
2ð1 b2Þ
1
p
Z a
a
 ða tÞ
1dðt þ aÞd½g0 þ iBt
t  x dt ð5:2Þ
where g0 is the S-strain, d ¼ 12þ ie, and some minor errors in their
solution is corrected. By using the identities developed in appendix,
solution (5.2) can be explicitly expressed asr22  ir12 ¼ ða xÞd1ðxþ aÞd coshpe
 F1
p
þ i1
2
E
g0ðxþ 2ieaÞ
þiBðx2 þ 2iaex 2a2e2  12 a2Þ
" #( )
ð5:3Þ
Following the procedure in Section 4, we will relate the stress
intensity factor of contact edges to surface energy release rate G
ﬁrst, then express the pulling force as a function of adhesive con-
tact half-width, subsequently we will examine the natural contact
half-width without pulling load. Finally, we will study the pull-off
width and the pull-off force under the S-strain condition.
The stress intensity factor of the traction near the contact edge
can be obtained according to deﬁnition (4.12):
K ¼ lim
x!a
ﬃﬃﬃﬃﬃﬃ
2p
p
ðxþ aÞdðr22  ir12Þ ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
ð2aÞd1 coshpe
 F1
p
þ i1
2
E g0að2ie 1Þ þ iB
1
2
 2e2  2ei
 	
a2
  

ð5:4Þ
Substituting (5.4) into (4.15) leads to
G ¼ 1
2E
F21
ap
 E
F1½4g0eþ Bð1 4e2Þa
2
þ
pE2½g20að1þ 4e2Þ  g0Ba24eð
1
2
þ 2e2Þ þ B2a3ð1
2
þ 2e2Þ2
4
8>><
>>>:
9>>=
>>>;
ð5:5Þ5.2. Effect of the S-strain on natural contact half-width
In the natural state, F1 = 0 in (5.5). The motivation of studying
this case is that it can be used to explore the mechanism of re-
sponse of adhesive cells to the substrate stretch(see Chen and
Gao, 2006, 2007; Dartsch and Hammerle, 1986; Neidlinger-Wilke
et al., 1994), but we try to ﬁnd a analytical solution in a general
sense rather than only conﬁne to its background. The schematic
contact conﬁguration is shown in Fig. 5.
Ignoring the high order small quantities related to e2 and noting
F1 = 0 and B = 1/R in (5.5), it is easy to conﬁrm
a3 þ 8Rg0ea2 þ 4R2g20a
32
p
G
E
R2 ¼ 0 ð5:6Þ
If we let g0 = e = 0, we can get a special natural contact half-width
from (5.6) as
a3N ¼
32GR2
Ep
ð5:7Þ
For the sake of convenience for comparison, (5.6) normalized by
(5.7) becomes
a
aN
 	3
þ 8g^e a
aN
 	2
þ 4g^2 a
aN
 	
 1 ¼ 0 ð5:8Þ
Its analytical solution is
a
aN
¼ 1
6
16ð3þ 16e2Þg^2
Q
þ Q  16g^e
 

ð5:9Þ
where
Q ¼ 22=3 27þ 32ð9 32e
2Þeg^3þ
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
81þ 192eð9 32e2Þg^3 þ 768ð1 4e2Þg^6
p
" #1=3
and g^ ¼ g0RaN .
The normalized natural contact half-width a/aN against the nor-
malized S-strain g0R/aN is plotted for different values of the Dun-
durs’ parameter b in Fig. 6. It can be seen that for b = 0, i.e.,
homogenous materials, regardless of stretching or compressive
strain the contact half-width always decreases with the increase
Fig. 5. Schematic of an elastic cylinder in adhesive contact with the S-strain.
Fig. 6. The normalized natural contact half-width a/aN against the normalized S-
strain g0R/aN.
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special case, for the cases b– 0, the curves show some very inter-
esting behavior near the point (g0R/aN, a/aN) = (0, 1). For example,
for the case b = 0.5, the contact half-width will increase with the
increase of the S-strain at the beginning up to a speciﬁc value,
and then it will quickly decrease with the increase of the S-strain;
while the normalized contact half-width will continuously de-
crease with the increase of the compressive S-strain; and vice versa
for the case b = 0.5.
The behavior may be used to explain some observed phenom-
ena in the literature. Suppose b = 0.25, and let R=aN  20 and g0 in-
crease from 0 to 0.02. One can ﬁnd that the normalized contact
half-width undergoes a small increase and returns back to the
original half-width in Fig. 6. This result provides a reasonable
explanation for the observation by Dartsch and Hammerle (1986)
that cells do not respond to small stretch of amplitude less than
2%. If g0 is allowed to increase to 0.06, one ﬁnds that the normal-
ized contact half-width quickly decreases down to 15% in Fig. 6.
This prediction can possibly explain the report by Neidlinger-Wilke
et al. (1994) that almost all cells joined the reorientation process
once the stretch amplitude exceeded a second threshold levelaround 5–6%. Compared with the result by Chen and Gao (2006),
it can be seen from the above analysis that our result possibly pro-
vides a more reasonable explanation to the phenomena observed
and described in the literature. An additional numerical result in
the above analysis shows that the compressive S-strain also has a
signiﬁcant affect on cell adhesion but we have not seen a relevant
experimental report.
5.3. Pull-off force
The S-strain inﬂuence on the pull-off force will be examined in
this subsection. Following the procedure conducted in Section 4,
we rearrange (5.5) as
F21  F1
1
2
Eap½4g0eþ Bð1 4e2Þa  2EpaG
þ 1
4
E2p2a g20að1þ 4e2Þ  g0Ba24e
1
2
þ 2e2
 	
þB2a3 1
2
 2e2
 	2
þ 4e2
 !#
¼ 0 ð5:10Þ
By setting g0 = b = e = 0 in (5.10) and following the procedure in Sec-
tion 4.3, the JKR pull-off half-width can be obtained as
a3JKR ¼
2
E
GR2
p
ð5:11Þ
The quantities in (5.10) can be normalized by (5.11) in the form
~F ¼ 8
E
R
a2JKR
F1; ~g ¼ Rg0aJKR ;
~a ¼ a
aJKR
ð5:12Þ
and then (5.10) becomes
~F2 þ ~F~a4pð~a 4~geÞ þ 16p2~a2 ~g2 þ 2e~g~aþ ~a2 1
4
 
 64p2~a ¼ 0 ð5:13Þ
It follows
~F ¼ 2p 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~a2½ð4e2  1Þ~g2  4~a~ge þ 4~a
q
 ~að~a 4~geÞ
 	
ð5:14Þ
Using the pull-off condition again
@~F
@~a
¼ 0 ð5:15Þ
ignoring the high order small quantities with e2, one can
conﬁrm
4~ge~a5 þ ~g2~a4 þ ð8~g3e 4Þ~a3 þ ð~g4  8~geÞ~a2  4~g2~aþ 4 ¼ 0 ð5:16Þ
This is a ﬁfth order equation about contact half-width ~a and the per-
turbation method is used here again as follows. Let
~a ¼ ~a0 1þ
X1
j¼1
Cjej
 !
ð5:17Þ
where Cj, (j = 1, . . . ,1) are to be determined, ~a0 can be solved by set-
ting b = e = 0 in (5.16) as
~g2 ~a04  4 ~a03 þ ~g4 ~a02  4~g2 ~a0 þ 4 ¼ 0 ð5:18Þ
The analytical solution to (5.18) is
~a0 ¼ 16~g2 6þ
ﬃﬃﬃ
3
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12 2~g6 þ Q
p

ﬃﬃﬃ
3
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
24 4~g6  Q þ 12
ﬃﬃﬃ
3
p
ð4þ ~g6Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12 2~g6 þ Q
p
s !
ð5:19Þ
where
Q ¼ ~g10ð864þ ~g12 þ 24
ﬃﬃﬃ
3
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
432þ ~g12
p
Þ13 þ ~g2ð864þ ~g12
þ 24
ﬃﬃﬃ
3
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
432þ ~g12
p
Þ13 ð5:20Þ
Fig. 7. Relationship between the normalized pull-off contact half-width and
different normalized S-strain.
Fig. 8. The relationship between the normalized pull-off force and normalized S-
strain.
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ﬁrst order approximation, one can ﬁnd the solution to (5.16) in
the form
~a ¼ ~a0ð1þ C1eÞ
¼ ~a0 1þ 2ð2
~a02  ~a05  2 ~a03~g2Þ~g
ð~g4 ~a02  2~g2 ~a0  6 ~a03 þ 2~g2 ~a04Þ e
 	
: ð5:21Þ
Lastly, the pull-off force can be obtained by inserting (5.21) into
(5.14).
Fig. 7 plots the relationship between the normalized pull-off
contact half-width and the normalized S-strain. The result indicates
that the pull-off width will sharply decrease with the increase of
the value of S-strain, regardless of negative or positive strain val-
ues. It is also can be seen that the Dundurs’ parameter bmay inﬂu-
ence the pull-off width.
In contrast, Fig. 8 provides more information about the pull-off
behavior due to the S-strain and material mismatch. It can be ob-
served from Fig. 8 that, except for a small region jg0jR=aJKR < 1,the S-strain can signiﬁcant reduce the pull-off force with the in-
crease of jg0jR=aJKR. Interestingly, in that small region jg0jR=aJKR <
1, we can ﬁnd that the pull-off force may be increased with the in-
crease of small positive S-strain for negative value of Dundurs’
parameter b, for instance, b = 0.5; while the negative S-strain will
constantly reduce the pull-off force, and vice versa for the case
b = 0.5. In addition, we can observe in Fig. 8 that the pull-off force
may be very different despite under the same S-strain value. This
suggests that the Dundurs’ parameter b plays a considerable role
in pull-off under the action of the S-strain.
In this section, we re-examined the model proposed by Chen
and Gao (2006, 2007) under a more general load condition using
our newly developed analytical approach. We found that (i) the
S-strain mostly reduces the pull-off force, but it may also increase
the pull-off force in some situation; (ii) Dundurs’ parameter b plays
a considerable role in the pull-off problem under the action of the
S-strain. Further, both the similarities and differences of the com-
pressive and stretch S-strains on the contact half-width and pull-
force are identiﬁed.
6. Summary
Analytical solutions to three non-slipping problems, namely,
non-slipping contact with no adhesion, non-slipping contact with
adhesion, non-slipping contact with the S-strain, are presented in
this paper. Some useful identities for singular and regular integrals
frequently encountered in contact mechanics and fracture
mechanics are derived and given. The expression of the interface
mismatch eigenstrain due to non-slipping contact is found. Taking
into account the inﬂuence of the interface mismatch eigenstrain, a
thorough non-slipping contact with adhesion model has been pro-
posed and addressed. It is shown that the mismatch may have con-
siderable inﬂuence on the pull-off force. The JKR solution can serve
a good approximation for small value of Dundurs’ parameter b, but
the proposed model in this paper may more satisfy the accuracy
requirements precisely during modeling non-slipping adhesion.
The non-slipping contact under the S-strain has been extensively
re-examined. The new results may provide a reasonable explana-
tion for some observation about bio-adhesion in the literature. It
is expected that the solutions developed in this paper can be useful
for the further modeling of contacts at macro-, micro-, and nano-
scales.
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Appendix A. Singular integrals
Some singular integrals are frequently encountered in contact
mechanics and fracture mechanics. Only some special cases have
explicit solutions but for most cases the explicit solutions are still
not available. One representative form of singular integrals and a
typical ordinary integral are
I1ðxÞ ¼ 1p
Z 1
1
ð1 tÞað1þ tÞbQ1ðtÞ
t  x dt ð1 < x < 1Þ ðA1Þ
I2 ¼ 1p
Z 1
1
ð1 tÞað1þ tÞbQ2ðtÞdt ðA2Þ
where 1 < Reða;bÞ < 1; aþ b ¼ 1;0, and Q1(t) and Q2(t) can be
any polynomial expressions. Formula (A1) should be understood
in the sense of Cauchy principal value or Hadamard ﬁnite part
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volved in all non-slipping contact solutions.
The following formula for Jacobi polynomials is found powerful
in solving the above integrals (Erdogan et al., 1973; Ma and Kor-
sunsky, 2006):
1
p
Z 1
1
ð1 tÞað1þ tÞbPða;bÞn ðtÞ
t  x dt
¼ cotðpaÞð1 xÞað1þ xÞbPða;bÞn ðxÞ 
2ðaþbÞ
sinap
Pða;bÞnþðaþbÞðxÞ ðA3Þ
where Reða; bÞ > 1; aþ b ¼ 1;0; a– 0;1, and the Jacobi poly-
nomials are deﬁned from the hypergeometric function as (Szegö,
1975)
Pða;bÞn ðzÞ ¼
Cðaþ 1þ nÞ
Cðaþ 1ÞCðnþ 1Þ F n;1þ aþ bþ n;aþ 1;
1 z
2
 	
ðnP 0Þ ðA4Þ
From this deﬁnition, one can ﬁnd
Pða;bÞn ðtÞ ¼ 0 ðn < 0Þ ðA5Þ
and
Pða;bÞ0 ðtÞ ¼ 1; Pða;bÞ1 ðxÞ ¼ ðaþ 1Þ þ
1
2
ðaþ bþ 2Þðx 1Þ; Pða;bÞi ðxÞ
¼ 	 	 	 ði ¼ 2;3; . . . ;nÞ: ðA6ÞA.1. General solution
Suppose that the polynomial Q1(t) in (A1) can be expanded into
a series of Jacobi polynomials in the form
Q1ðtÞ ¼
X1
n¼0
dnP
ða;bÞ
n ðtÞ ðA7Þ
The coefﬁcients dn can be determined by Jacobi polynomial’s
orthogonal relationshipZ 1
1
ð1 tÞað1þ tÞbPða;bÞm ðtÞPða;bÞn ðtÞdt
¼ 2
aþbþ1
ð2nþ aþ bþ 1Þ
Cðnþ aþ 1ÞCðnþ bþ 1Þ
Cðnþ aþ bþ 1ÞCðnþ 1Þ dmn ðA8Þ
as
dn ¼ ð2nþ aþ bþ 1Þ
2aþbþ1
Cðnþ aþ bþ 1ÞCðnþ 1Þ
Cðnþ aþ 1ÞCðnþ bþ 1Þ
Z 1
1
Q1ðtÞ
 ð1 tÞað1þ tÞbPða;bÞn ðtÞdt ðA9Þ
Inserting (A7) into (A1), one can ﬁnd the general solution as
}I1ðxÞ ¼ 1p
Z 1
1
ð1 tÞað1þ tÞbQ1ðtÞ
t  x dt
¼ cotðpaÞð1 xÞað1þ xÞbQ1ðxÞ 
2ðaþbÞ
sinap

X1
n¼0
dnP
ða;bÞ
nþðaþbÞðxÞ ð1 < x < 1Þ ðA10Þ
This implies that if Q1(t) is a ﬁnite polynomial, the closed-form
analytical solution of I1(x) can be obtained.
A.2. Some useful integrals (I)
From the formula (A10), the following two identities can be
derived1
p
Z 1
1
ð1 tÞað1þ tÞb
t  x dt ¼ cotðpaÞð1 xÞ
að1þ xÞb
 2
ðaþbÞ
sinap
Pða;bÞðaþbÞ ðxÞ ð1 < x < 1Þ ðA11Þ
1
p
Z 1
1
tð1 tÞað1þ tÞb
t  x dt ¼ cotðpaÞð1 xÞ
að1þ xÞbx
 2
aþb
sinap
2
aþ bþ 2 P
ða;bÞ
1þaþb ðxÞ þ
b a
aþ bþ 2 P
ða;bÞ
aþb ðxÞ
 
ð1 < x < 1Þ ðA12Þ
Two special integrals are readily obtained by setting
a ¼ 12þ ie; b ¼ 12 ie, respectively from (A11) and (A12):
1
p
Z 1
1
ð1 tÞ12þieð1þ tÞ12ie
t  x dt ¼ i tanhpeð1 xÞ
1
2þieð1þ xÞ12ie
 ðx 2ieÞ
coshpe
ðA13Þ
1
p
Z 1
1
tð1 tÞ12þieð1þ tÞ12ie
t  x dt ¼ i tanhpeð1 xÞ
1
2þieð1þ xÞ12iex
 ð2x
2  1 4e2  4ixeÞ
2 coshpe
ðA14Þ
where e is a real number. Furthermore, by setting e = 0, the degen-
erate identities can be achieved
1
p
Z 1
1
ð1 tÞ12ð1þ tÞ12
t  x dt ¼ x ðA15Þ
1
p
Z 1
1
tð1 tÞ12ð1þ tÞ12
t  x dt ¼
1
2
 x2 ðA16Þ
The identities (A15) and (A16) can be found in Johnson’s book
(Johnson, 1985).
A.3. Some useful integrals (II)
If sets x = 0 in formula (A1), one can obtain
I1ð0Þ ¼ 1p
Z 1
1
ð1 tÞað1þ tÞbt1Q1ðtÞdt ðA17Þ
Actually, this is an alternative expression for (A2). From (A10),
one reads
I1ð0Þ ¼ 1p
Z 1
1
ð1 tÞað1þ tÞbt1Q1ðtÞdt
¼ cotðpaÞQ1ð0Þ 
2ðaþbÞ
sinap
X1
n¼0
dnP
ða;bÞ
nþðaþbÞð0Þ ðA18Þ
Based on (A18), it is easy to ﬁnd the following useful integrals
1
p
Z 1
1
ð1 tÞdðt þ 1Þdtdt ¼ 2d
2
sin dp
ð1 < ReðdÞ < 1Þ ðA19Þ
1
p
Z 1
1
ð1 tÞð1dÞðt þ 1Þdtdt ¼ ð1 2dÞ
sin dp
ð0 < ReðdÞ < 1Þ ðA20Þ
1
p
Z 1
1
ð1 tÞ1dðt þ 1Þdtdt ¼ 2dð1 dÞð1 2dÞ
3 sin dp
ð1
< ReðdÞ < 2Þ ðA21ÞA.4. Some useful integrals (III)
Another integral formula will also be useful in this study
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Z 1
1
ð1 TÞaðT þ 1ÞbjTjdT ¼ 1
2
1
1þ aþ
1
1þ b

þða bÞ Fð1;a;3þ b;1Þð2þ bÞð1þ bÞ 
Fð1;b;3þ a;1Þ
ð2þ aÞð1þ aÞ
 

ðReða;bÞ > 1Þ ðA22ÞReferences
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